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COMPARISON OF CLARK MEASURES IN SEVERAL
VARIABLES
ALEKSEI B. ALEKSANDROV AND EVGUENI DOUBTSOV
Abstract. Let D denote the unit disc of C and let Ω denote the unit ball
Bn of Cn or the unit polydisc Dn, n ≥ 2. Given a non-constant holomorphic
function b : Ω→ D, we study the corresponding family σα[b], α ∈ ∂D, of Clark
measures on ∂Ω. For Ω = Bn and an inner function I : Bn → D, we show
that the property σ1[I]≪ σ1[b] is related to the membership of an appropriate
function in the de Branges–Rovnyak space H(b).
1. Introduction
Let D denote the unit disc of C and T = ∂D. Let Ω denote the unit ball Bn of
Cn or the unit polydisc Dn, n ≥ 2, and let ∂Ω denote the unit sphere Sn = ∂Bn or
the unit torus Tn, respectively. Let C(z, ζ) = CΩ(z, ζ) denote the Cauchy kernel
for Ω. Recall that
CBn(z, ζ) =
1
(1 − 〈z, ζ〉)n
, z ∈ Bn, ζ ∈ Sn,
CDn(z, ζ) =
n∏
j=1
1
1− zjζj
, z ∈ Dn, ζ ∈ Tn.
The corresponding Poisson kernel is given by the formula
P (z, ζ) =
C(z, ζ)C(ζ, z)
C(z, z)
, z ∈ Ω, ζ ∈ ∂Ω.
Let M(∂Ω) denote the space of complex Borel measures on ∂Ω. For µ ∈ M(∂Ω),
the Cauchy transform µ+ is defined as
µ+(z) =
∫
Tn
C(z, ξ) dµ(ξ), z ∈ Ω.
1.1. Clark measures. Given an α ∈ T and a holomorphic function b : Ω → D,
the quotient
1− |b(z)|2
|α− b(z)|2
= Re
(
α+ b(z)
α− b(z)
)
, z ∈ Ω,
is positive and pluriharmonic. Therefore, there exists a unique positive measure
σα = σα[b] ∈M(∂Ω) such that
P [σα](z) = Re
(
α+ b(z)
α− b(z)
)
, z ∈ Ω.
After the seminal paper of Clark [3], various properties and applications of the
measures σα on the unit circle T have been obtained; see, for example, reviews
[6, 7, 8] for further references.
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1.2. Model spaces and de Branges–Rovnyak spaces. Let Σ denote the nor-
malized Lebesgue measure on ∂Ω.
Definition 1.1. A holomorphic function I : Ω→ D is called inner if |I(ζ)| = 1 for
Σ-a.e. ζ ∈ ∂Ω.
In the above definition, I(ζ) stands, as usual, for limr→1− I(rζ). Recall that the
corresponding limit exists Σ-a.e. Also, by the above definition, every inner function
is non-constant.
Given an inner function I in Ω, we have
P [σα](ζ) =
1− |I(ζ)|2
|α− I(ζ)|2
= 0 Σ-a.e.,
therefore, σα = σα[I] is a singular measure. Here and in what follows, this means
that σα and Σ are mutually singular; in brief, σα⊥Σ.
Let Hol(Ω) denote the space of holomorphic functions in Ω. For 0 < p <∞, the
classical Hardy space Hp = Hp(Ω) consists of those f ∈ Hol(Ω) for which
‖f‖pHp = sup
0<r<1
∫
∂Ω
|f(rζ)|p dΣ(ζ) <∞.
As usual, we identify the Hardy space Hp(Ω), p > 0, and the space Hp(∂Ω) of the
corresponding boundary values.
For an inner function θ on D, the classical model space Kθ is defined as Kθ =
H2(T)⊖θH2(T). Clark [3] introduced and studied a family of unitary operators Uα :
Kθ → L
2(σα), α ∈ T. For an inner function I in Ω, there are several generalizations
of Kθ. Consider the following direct analog of Kθ:
I∗(H2) = H2 ⊖ IH2.
Clark’s construction extends to I∗(H2) and provides isometric operators Tα :
I∗(H2) → L2(σα), α ∈ T. In fact, as shown in [2, Theorem 5.1], Tα are unitary
operators for Ω = Bn.
Observe that K(z, w) = (1− I(z)I(w))C(z, w) is the reproducing kernel for the
Hilbert space I∗(H2) at z ∈ Ω, that is,
g(z) =
∫
∂Ω
g(w)K(z, w) dΣ(w), z ∈ Ω,
for all g ∈ I∗(H2). Now, let b : Ω → D be an arbitrary non-constant holomorphic
function. The corresponding de Branges–Rovnyak space H(b) ⊂ H2 is the Hilbert
space with the following reproducing kernel:
kb(z, w) = (1− b(z)b(w))C(z, w).
In particular, I∗(H2) = H(I) for an inner function I. Further details are given in
[10, Chapter II] for D in the place of Ω.
Sarason [10, Section III-7] constructed partial isometries
Vb,α : L
2(σα[b])→ H(b), α ∈ T,
where H(b) ⊂ H2(D) is the de Branges–Rovnyak space generated by b. For a non-
constant holomorphic function b : Ω→ D, we give a similar construction of partial
isometries Vb,α, α ∈ T, in Section 2.
COMPARISON OF CLARK MEASURES 3
1.3. Comparison of Clark measures. Sarason [10, Section III-11] used opera-
tors Vb,α to compare Clark measures on the unit circle T. In the final Section 3, we
obtain the following comparison result for Clark measures on the unit sphere Sn.
Theorem 1.2. Let I be an inner function in Bn and let b : Bn → D, n ≥ 2, be
a non-constant holomorphic function. Let σ = σα[I] and µ = σα[b], α ∈ T, be the
corresponding Clark measures and let Kw(·) = K(·, w), where K(z, w) denotes the
reproducing kernel for I∗(H2). Then the following properties are equivalent:
(i) σ ≪ µ and dσ
dµ
∈ L2(µ);
(ii) the function
α− b
α− I
Kw
is in the de Branges–Rovnyak space H(b) for all w ∈ Bn;
(iii) the function
α− b
α− I
Kw
is in H(b) for some w ∈ Bn.
2. Clark measures and de Branges–Rovnyak spaces
In this section, b : Ω→ D is an arbitrary non-constant holomorphic function.
2.1. Cauchy integrals and Clark measures. The following proposition is ob-
tained in [2, Proposition 3.5] for Ω = Bn. Essentially the same argument is appli-
cable to Ω = Dn.
Proposition 2.1. Let b : Ω → D be a holomorphic function and let σα = σα[b],
α ∈ T, be the corresponding Clark measure. Then∫
∂Ω
C(z, ζ)C(ζ, w) dσα(ζ) =
1− b(z)b(w)
(1− αb(z))(1− αb(w))
C(z, w)
for all α ∈ T, z, w ∈ Ω.
2.2. Partial isometries Vb,α : L
2(σα[b]) → H(b). Fix an α ∈ T. Let σα = σα[b]
and let kw(·) = kb(·, w), where kb(z, w) denotes the reproducing kernel for H(b).
Define
(Ub,αkw)(·) = (1− αb(w))C(·, w), w ∈ Ω.
Let H2(σα) denote the closed linear span of C(·, w), w ∈ Ω, in L
2(σα).
Proposition 2.2. For each α ∈ T, Ub,α has a unique extension to a unitary oper-
ator from H(b) onto H2(σα).
Proof. Fix an α ∈ T. Applying Proposition 2.1, we obtain
(Ub,αkw, Ub,αkz)L2(σα) =
∫
∂Ω
(1 − αb(w))C(ζ, w)(1 − αb(z))C(z, ζ) dσα(ζ)
= (1− αb(w))(1 − αb(z))
∫
∂Ω
C(ζ, w)C(z, ζ) dσα(ζ)
= (1− b(z)b(w))C(z, w)
= kb(z, w) = (kw, kz)H(b).
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So, Ub,α extends to an isometric embedding of H(b) into L
2(σα). Since the linear
span of the family {kw}w∈Ω is dense in H(b), the extension is unique. Finally, Ub,α
maps H(b) onto H2(σα) by the definition of H
2(σα). 
Now, define
(1) (Vb,αg)(z) = (1− αb(z))(gσα)+(z), g ∈ L
2(σ), z ∈ Ω.
Proposition 2.3. For each α ∈ T, formula (1) defines a partial isometry from
L2(σα) into H(b). The restriction of Vb,α to H
2(σα) coincides with U
∗
b,α; in partic-
ular,
(2) Vb,αC(·, w)(z) = (1 − αb(w))
−1kb(z, w).
Proof. The definition of Ub,α and Proposition 2.1 guarantee that
(3) (U∗αg)(z) = (1 − αb(z))(gσα)+(z), z ∈ Ω,
for g(ζ) = (1−αb(w))C(ζ, w) with w ∈ Ω. Therefore, (3) holds for all g ∈ H2(σα);
hence, the restriction of Vb,α on H
2(σα) coincides with U
∗
α. If h ∈ L
2(σα) and
h⊥H2(σα), then (hσα)+ = 0. Therefore, Vb,α maps L
2(σα) into H(b), as required.

3. Proof of Theorem 1.2
3.1. Auxiliary results and definitions.
3.1.1. Pluriharmonic measures. A measure µ ∈ M(∂Ω) is called pluriharmonic if
the Poisson integral
P [µ](z) =
∫
∂Ω
P (z, ζ) dµ(ζ), z ∈ Ω,
is a pluriharmonic function. Let PM(Ω) denote the set of all pluriharmonic mea-
sures. Clearly, every Clark measure is an element of PM(Ω).
3.1.2. Totally singular measures. By definition, the ball algebra A(Bn) consists of
those f ∈ C(Bn) which are holomorphic in Bn. Let M0(Sn) denote the set of those
probability measures ρ ∈M(Sn) which represent the origin for A(Bn), that is,∫
Sn
f dρ = f(0) for all f ∈ A(Bn).
Elements of M0(Sn) are called representing measures.
Definition 3.1. A measure µ ∈M(Sn) is said to be totally singular if µ⊥ρ for all
ρ ∈M0(Sn).
Proposition 3.2 ([5, Theorem 10]). Let µ ∈ PM(Sn). Then µ
s is totally singular.
Remark 3.3. For positive pluriharmonic measures, the above theorem was obtained
in [1, Chapter 5, Section 3.3.3]. In fact, we will apply Proposition 3.2 to Clark
measures, that is, to positive µ ∈ PM(Sn).
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3.1.3. Henkin measures.
Definition 3.4 (see [9, Section 9.1.5]). We say that µ ∈M(Sn) is a Henkin measure
if
lim
j→∞
∫
Sn
fj dµ = 0
for any bounded sequence {fj}
∞
j=1 ⊂ A(Bn) with the following property:
lim
j→∞
fj(z) = 0 for any z ∈ Bn.
3.2. Proof of Theorem 1.2. We are given an inner function I in Bn and a non-
constant holomorphic function b : Bn → D. Without loss of generality, assume that
α = 1. So, let σ = σ1[I], µ = σ1[b] and Kw = K(·, w), where K(z, w) denotes
the reproducing kernel for I∗(H2) = H(I). By formula (1) and property (2) with
b = I, we have
(4) (1 − b)(C(·, w)σ)+ =
1− b
1− I
VIC(·, w) = (1 − I(w))
−1 1− b
1− I
Kw.
Now, we are in position to prove the main theorem.
(i)⇒(ii) By the definition of Vb, we have
Vb
(
dσ
dµ
C(·, w)
)
= (1− b)
(
dσ
dµ
C(·, w)µ
)
+
= (1− b)(C(·, w)σ)+ .
Since Vb maps into H(b), combination of the above property and (4) provides (ii).
(ii)⇒(iii) This implication is trivial.
(iii)⇒(i) By assumption, we are given a point w ∈ Bn and a function q = qw ∈
L2(µ) such that
(1 − I(w))−1
1− b
1− I
Kw = Vbq = (1− b)(qµ)+.
Combining the above property and (4), we obtain
(C(·, w)σ − qµ)+ = 0.
Hence, C(w, ·)σ− qµ is a Henkin measure. So, by the Cole–Range Theorem (see [4]
or [9, Theorem 9.6.1]), there exists a representing measure ρ such that C(·, w)σ −
qµ≪ ρ; in particular,
(5) C(·, w)σ − qµs ≪ ρ for some ρ ∈M0(Sn).
Recall that σ is a singular measure. Therefore, σ and µs are totally singular by
Proposition 3.2. Hence, C(·, w)σ− qµs is totally singular. Combining this observa-
tion and (5), we conclude that σ = q
C(·,w)µ
s. In particular, σ ≪ µ and dσ
dµ
∈ L2(µ),
as required. The proof of Theorem 1.2 is finished.
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